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Abstract. In this paper, we propose a dynamic allocation method of ba-
sis functions, an Allocation/Elimination Gaussian Softmax Basis Func-
tion Network (AE-GSBFN), that is used in reinforcement learning. AE-
GSBFN is a kind of actor-critic method that uses basis functions. This
method can treat continuous high-dimensional state spaces, because ba-
sis functions required only for learning are dynamically allocated, and
if an allocated basis function is identified as redundant, the function
is eliminated. This method overcomes the curse of dimensionality and
avoids a fall into local minima through the allocation and elimination
processes. To confirm the effectiveness of our method, we used a maze
task to compare our method with an existing method, which has only an
allocation process. Moreover, as learning of continuous high-dimensional
state spaces, our method was applied to motion control of a humanoid
robot. We demonstrate that the AE-GSBFN is capable of providing bet-
ter performance than the existing method.

1 Introduction

Many problems with reinforcement learning involve very large state spaces, es-
pecially when the state space is multi-dimensional. The curse of dimensionality
arises because state spaces grow too large to store all individual state values in
a single table. To lessen the curse of dimensionality, function approximators are
commonly used, because they require far fewer resources than a table look-up
method, and generalize over other parts of the state space. Function approx-
imators commonly use fixed basis functions, such as CMACs [1] and Radial
Basis Functions [2]. However, these methods easily break down when they treat
continuous high-dimensional state spaces. To avoid this problem, methods of in-
cremental allocation of basis functions, and adaptive state space formation have
been proposed [3–6].

In this paper, we propose a dynamic allocation method of basis functions, Al-
location/Elimination Gaussian Softmax Basis Function Network (AE-GSBFN),
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Fig. 2. Basis function network.

in reinforcement learning for treating continuous high-dimensional state spaces.
AE-GSBFN is a kind of actor-critic method that uses basis functions, and has al-
location and elimination processes. In this method, if a basis function is required
for learning, it is allocated dynamically. On the other hand, if an allocated basis
function becomes redundant, the function is eliminated. This method can treat
continuous high-dimensional state spaces, because the allocation and elimina-
tion processes decrease the number of basis functions required for evaluation of
the state space. In order to confirm whether this method can avoid a fall into
local minima and overcome the curse of dimensionality, we do two experiments:
solving a maze and controlling a humanoid robot.

2 Actor-Critic Method

In this section, we describe an actor-critic method using basis functions. We
apply this type of method to our method.

Actor-critic methods are TD methods that have a separate memory structure
to explicitly represent the policy independent of the value function [2]. Actor-
critic methods are constructed by an actor and a critic, as suggested by Figure
1. The policy structure is known as the actor, because it is used to select actions,
and the estimated value function is known as the critic, because it criticizes the
actions made by the actor.

The actor and the critic each have a basis function network for learning of
continuous state spaces. Basis function networks have a three-layer structure as
shown in Figure 2, and basis functions are placed in middle-layer units. Repeating
the following procedure, in an actor-critic method using basis function networks,
the critic correctly estimates the value function V (s), and then the actor obtains
actions which maximize V (s).
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1. When state s(t) is observed in the environment, the actor calculates the j-th
value uj(t) of the action u(t) as follows [7]:

uj(t) = umax

j g

( N
∑

i

ωijbi(s(t)) + nj(t)

)

, (1)

where umax

j is a maximal control value, N is the number of basis functions,
bi(s(t)) is a basis function, ωij is a weight, nj(t) is a noise function, and
g() is a logistic sigmoid activation function whose outputs lie in the range
(−1, 1). The Output value of actions is saturated into umax

j by g().

2. The critic receives the reward r(t), and then observes the resulting next state
s(t + ∆t). The critic provides the TD-error δ(t) as follows:

δ(t) = r(t) + γV (s(t + ∆t))− V (s(t)), (2)

where γ is a discount factor, and V (s) is an estimated value function. V (s(t))
is calculated as follows:

V (s(t)) =

N
∑

i

vibi(s(t)), (3)

where vi is a weight.

3. The actor updates weight ωij using TD-error:

ωij ← ωij + βδ(t)nj(t)bi(s(t)), (4)

where β is a learning rate.

4. The critic updates weight vi:

vi ← vi + αδ(t)ei, (5)

where α is a learning rate and ei is eligibility trace. ei is calculated as follows:

ei ← γλei + bi(s(t)), (6)

where λ is a trace-decay parameter.
5. Time is updated.

t← t + ∆t. (7)

Note that ∆t is 1 in general, but we used the description of ∆t for interval
of the control of humanoid robots.
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3 Dynamic Allocation of Basis Functions

In this paper, we propose a dynamic allocation method of basis functions. This
method is an extended application of the Adaptive Gaussian Softmax Basis
Function Network (A-GSBFN) [3, 8]. A-GSBFN only allocates basis functions,
on the other hand, our method allocates and eliminates them. In this section,
we first mention A-GSBFN in Section 3.1, and then propose our method, Al-
location/Elimination Gaussian Softmax Basis Function Network (AE-GSBFN),
in Section 3.2.

3.1 A-GSBFN

Gaussian softmax basis function is used in A-GSBFN, and it is given by the
following equation:

bi(s(t)) =
ai(s(t))

∑N
k=1

ak(s(t))
, (8)

where ai(s(t)) is a radial basis function, and N is the number of radial basis
functions. Radial basis function ai(s(t)) in the i-th unit is calculated by the
following equation:

ai(s(t)) = exp(−
1

2
‖M(s(t)− ci)‖

2), (9)

where ci is the center of i-th basis function, and M is a matrix that determines
the shape of the basis function.

In A-GSBFN, a new unit is allocated if the error is larger than a threshold
δmax and the activation of all existing units is smaller than a threshold amin:

|h(t)| > δmax and max
i

ai(s(t)) < amin, (10)

where h(t) is defined as h(t) = δ(t)nj(t) at the actor, and h(t) = δ(t) at the
critic. The new unit is initialized with ci = s, ωi = 0.

3.2 Allocation/Elimination GSBFN

In order to perform allocation and elimination of basis functions, we introduce
three criteria into A-GSBFN: trace εi of activation of radial basis functions [9],
additional control time η, and existing time τi of radial basis functions. The
criteria εi and τi are prepared for all basis functions, and η is prepared for
both networks of the actor and the critic. A learning agent can gather further
information on its own states by using these criteria.

We now define the condition of allocation of basis functions.
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Definition 1 Allocation
A new unit is allocated at c = s(t) if the following condition is satisfied at the

actor or critic networks:

|h(t)| > δmax and max
i

ai(s(t)) < amin

and η > Tadd, (11)

where Tadd is a threshold. 2

Let us consider to use condition (10) for allocation. This condition is only
considered for allocation, but it does not consider process after function elimi-
nation. Therefore, when a basis function is eliminated, another basis function is
immediately allocated at near state of the eliminated function. To prevent im-
mediate allocation, we introduced additional control time η into the condition
of allocation. The value of η monitors the length of time that has elapsed since
a basis function was eliminated. Note that η is initialized at 0, when a basis
function is eliminated.

We then define the condition of elimination using εi and τi.

Definition 2 Elimination
The basis function bi(s(t)) is eliminated if the following condition is satisfied in

the actor or critic networks.

εi > ε
max

and τi > Terase, (12)

where εmax and Terase are thresholds. 2

The trace εi of the activation of radial basis functions is updated in each step
in the following manner:

εi ← κεi + ai(s(t)), (13)

where κ is a discount rate. Using εi, the learning agent can sense states which
are recently taken by itself. The value of εi takes a high value if the agent stays
in almost the same state. This situation is considered when the learning fell
into a local minimum. Using the value of εi, we consider to how avoid the local
minimum. Moreover, using τi, we consider to how inhibit a basis function from
immediate elimination after it is allocated. We therefore defined the condition
of elimination using εi and τi.

4 Experiments

In order to confirm the effectiveness of AE-GSBFN, we did two experiments: solv-
ing a maze and controlling a humanoid robot. We first compared AE-GSBFN
with A-GSBFN in the maze experiment. We checked performance of the avoid-
ance of local minima in the experiment. We then did the experiment on control-
ling a humanoid robot to confirm whether AE-GSBFN can treat high-dimensional
state space.
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Fig. 3. Maze task.

4.1 Solving the Maze

Consider the continuous two-dimensional maze shown in Figure 3. This envi-
ronment has start state S and goal state G. In this environment, the learning
agent can sense G, and takes action u(t) = (ux, uy) to reach it. Rewards r(t) are
determined by goal state G = (Gx, Gy) and the current state s(t) = (sx, sy), as
follows:

r(t) = −
√

(Gx − sx)2 + (Gy − sy)2. (14)

One trial terminates when the agent reached G or exceeded 600 steps. We used
umax

j = 0.5, γ = 0.9, β = 0.1, α = 0.02, λ = 0.6 and ∆t = 1 [step] for parameters
in Section 2, M = diag(4.0, 4.0), δmax = 0.5 and amin = 0.4 in Section 3.1, and
Tadd = 100 [step], κ = 0.9, ε

max
= 5.0 and Terase = 100 [step] in Section 3.2.

Figure 4 shows the reward per trial with AE-GSBFN and A-GSBFN, and it
is desirable that the value is large. The solid line in the figure represents the trial
run with AE-GSBFN and the dotted line is the trial run with A-GSBFN. The
results shown in the figure are averaged over 20 repetitions of the experiment.
This results indicate that AE-GSBFN obtains more rewards than A-GSBFN.
We looked at performances of both method in detail, using the number of steps
required to travel from S to G. The curves in Figure 5 represent the number of
steps taken by the agent in each trial. Results of the figure are also averaged over
20 repetitions of the experiment. This results indicate that AE-GSBFN traveled
from S to G faster than A-GSBFN.

Figures 6 and 7 plot basis functions allocations in successful experiments. In
successful experiments, the allocation of basis functions with AE-GSBFN differs
little from A-GSBFN. Statistics however indicated that AE-GSBFN achieved
G 18 times for 20 repetitions, but A-GSBFN achieved only 9 times. It can be
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Fig. 4. Rewards per trial.

seen that AE-GSBFN performs better than A-GSBFN, and we consider that
AE-GSBFN avoided a fall into local minima through the above experiments.

4.2 Controlling Humanoid Robot

In this section, as learning of continuous high-dimensional state spaces, AE-
GSBFN is applied to a humanoid robot learning to stand up from a chair (Figure
8). The learning was simulated using the virtual body of the humanoid robot
HOAP1 made by Fujitsu Automation Ltd. Figure 9 shows HOAP1. The robot is
48 centimeters tall, weighs 6 kilograms, has 20 DOFs, and has 4 pressure sensors
each on the soles of its feet. Both of sensors of angular rate and acceleration
are mounted in its breast. To simulate learning, we used the Open Dynamics
Engine [10].

The robot can observe the following vector s(t) as its own state:

s(t) = (θW , θ̇W , θK , θ̇K , θA, θ̇A, θP , θ̇P ), (15)

where θW , θK and θA are waist, knee, and ankle angles respectively, and θP is
the pitch of its body (see Figure 8). Action uj(t) of the robot is determined as
follows:

uj(t) = (θ̇W , θ̇K , θ̇A), (16)

One trial terminates when the robot fell down or time passed over ttotal = 10
[s]. Rewards r(t) are determined by height y [cm] of the robot’s breast:

r(t) =







−20×

∣

∣

∣

∣

lstand − y

lstand − ldown

∣

∣

∣

∣

(during trial)

−20× |ttotal − t| (on failure)
, (17)



8 Shingo Iida et al.

 300

 400

 500

 600

 0  50  100  150  200  250  300  350  400

AE-GSBFN
A-GSBFN

S
te

ps
 p

er
 tr

ia
l

Trials

Fig. 5. Average learning curves for AE-GSBFN and A-GSBFN.

where lstand = 35 [cm] is the position of the robot’s breast in an upright posture,
ldown = 20 [cm] is its center in a falling-down posture. We used umax

j = 1

36
π

[rad], γ = 0.9, β = 0.1, α = 0.02, λ = 0.6 and ∆t = 0.01 [s] for parameters in
Section 2, M = diag(1.0, 0.57, 1.0, 0.57, 1.0, 0.57, 1.0, 0.57), δmax = 0.5 and
amin = 0.4 in Section 3.1, and Tadd = 1 [s], κ = 0.9, εmax = 5.0 and Terase = 3
[s] in Section 3.2.

Figure 10 shows learning results. First, the robot learned to fall down back-
ward, as shown by i). Second, the robot intended to stand up from a chair, but
fell forward as shown by ii), because it could not yet fully control its balance.
Finally, the robot stood up while maintaining its balance, as shown by iii). The
number of basis functions in the 2922th trial were 72 in both actor and critic net-
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works. Figure 11 shows experimental result with the humanoid robot HOAP1.
The result shows that HOAP1 stand up from a chair as its simulation.

We then compared the number of basis functions in AE-GSBFN with the
number of basis functions in A-GSBFN. Figure 12 shows the number of basis
functions of the actor, averaged over 20 repetitions. In these experiments, learn-
ing with both AE-GSBFN and A-GSBFN succeeded in the motion learning, but
the figure indicates that the number of basis functions required by AE-GSBFN
is fewer than A-GSBFN.That is, high dimensional learning may be done using
AE-GSBFN. Finally, we plot height of the robot’s breast in successful experi-
ments in Figures 13 and 14. In the figures, circles denote successful stand-up.
The results show that learning with both AE-GSBFN and A-GSBFN succeeded
in the motion learning.

5 Conclusion

In this paper, we proposed a dynamic allocation method of basis functions,
AE-GSBFN, in reinforcement learning. Through the allocation and elimination
processes, AE-GSBFN overcomes the curse of dimensionality and avoids a fall
into local minima. To confirm the effectiveness of AE-GSBFN, it was applied to
a maze task and to the motion control of a humanoid robot. We demonstrated
that AE-GSBFN is capable of providing better performance than A-GSBFN,
and succeeded in enabling the learning of motion control of the robot.

The future work of this study is general comparisons of our method with
other dynamic neural networks, for example, Fritzke’s Growing Neural Gas [11]
and Marsland’s Grow When Required Nets [12]. Analysis of the necessity of
hierarchical reinforcement learning methods proposed by Moromoto and Doya
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i) 300th trial

ii) 1031th trial

iii) 1564th trial

t=0.0[s] t=1.5[s] t=3.0[s] t=4.5[s]

t=0.0[s] t=1.5[s] t=3.0[s] t=4.5[s] t=6.0[s]

t=0.0[s] t=2.0[s] t=4.0[s] t=6.0[s] t=8.0[s] t=10.0[s]

Fig. 10. Learning results.

[13] in relation to the chair standing simulation is also important issue for the
future work.
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Fig. 13. Height of robot’s breast with AE-GSBFN. Circles denote successful stand-up.

 0.26

 0.27

 0.28

 0.29

 0.3

 0.31

 0.32

 0.33

 0.34

 0.35

 0  500  1000  1500  2000  2500  3000  3500  4000  4500  5000

H
ei

gh
t o

f r
ob

ot
’s

 b
re

as
t 

Trials

[m]

Fig. 14. Height of robot’s breast with A-GSBFN. Circles denote successful stand-up.


